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Verification with SMT

  

 fib :: i:{Int|0≤i} -> {v:Int|0<v∧i≤v}  
 fib i  
  | i≤1       = 1 
  | otherwise = fib (i-1) + fib (i-2) 
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i≤1 1i≤1 ∧ v=1 ⇒ 0<v∧i≤v 
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Verification with SMT

  

 fib :: i:{Int|0≤i} -> {v:Int|0<v∧i≤v}  
 fib i  
  | i≤1       = 1 
  | otherwise = fib (i-1) + fib (i-2) 
  

i≤1 ∧ v=1 ⇒ 0<v∧i≤v i≤1 0<v∧i≤v
SMT-Validv = vi-1 + vi-2
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Verification with SMT

  

 fib :: i:{Int|0≤i} -> {v:Int|0<v∧i≤v}  
 fib i  
  | i≤1       = 1 
  | otherwise = fib (i-1) + fib (i-2) 
  

i≤1
Verified



Verification with SMT
To be Practical, SMT queries are Decidable

Can verification be Complete?Complete



Refinement Reflection

Proof by Logical Evaluation
Reflect Function Definition in Result Type

Simplify Proof Generation

Verification with SMTComplete



Verification with SMTComplete

\forall i. 0 ≤ i => fib i ≤ fib (i+1)
How to express theorems about functions?

  

 fib :: i:{Int|0≤i} -> {v:Int|0<v∧i≤v}  
 fib i  
  | i≤1       = 1 
  | otherwise = fib (i-1) + fib (i-2) 
  



Step 1: Definition
In SMT fib is “Uninterpreted Function”
\forall i j. i = j => fib i = fib j

How to express theorems about functions?

How to connect logic fib with target fib?  



How to connect logic fib with target fib?  

\forall i.

SMT Axiom

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 

  

 fib :: i:{Int|0≤i} -> {v:Int|0<v∧i≤v}  
 fib i  
  | i≤1       = 1 
  | otherwise = fib (i-1) + fib (i-2) 
  Not 

Decidable



How to connect logic fib with target fib?  

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 

  

 fib :: i:{Int|0≤i} -> {v:Int|0<v∧i≤v}  
 fib i  
  | i≤1       = 1 
  | otherwise = fib (i-1) + fib (i-2) 
  

Refinement Reflection
 fib :: i:{Int|0≤i} -> {v:Int| v=fib i ∧

}



Refinement Reflection

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 

 fib :: i:{Int|0≤i} -> {v:Int| v=fib i ∧

}



Step 1: Definition

Step 2: Reflection

Refinement Reflection

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 

 fib :: i:{Int|0≤i} -> {v:Int| v=fib i ∧

}



Step 1: Definition

Step 2: Reflection

Refinement Reflection

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 

 fib :: i:{Int|0≤i} -> {v:Int| v=fib i ∧

}

  

 fib 1 :: {v:Int| v=fib 0 ∧ fib 1 = 1} 
  

Step 3: Application

fib 0 fib 0 = 1 



Application Type Level Computationis

  fib 0 = 1 fib 0



Application

fib 0 = 1 

fib 1 = 1 

fib 2 = fib 1 + fib 0 

Type Level Computation

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 
if i≤1 then

fib i = fib (i-1) + fib (i-2)

  fib 0

  

  fib 2

fib 1

  fib i



if i≤1 then

Application

fib 0 = 1 

fib 1 = 1 

fib 2 = fib 1 + fib 0 

Type Level Computation

if i≤1 then fib i = 1  
else fib i = fib (i-1) + fib (i-2) 
if i≤1 then

fib i = fib (i-1) + fib (i-2)

  fib 0

  

  fib 2

fib 1

  fib i fib i = fib (i-1) + fib (i-2)
1<i



Application

fib 0 = 1 

fib 1 = 1 

fib 2 = fib 1 + fib 0 

Type Level Computation

  fib 0

  

  fib 2

  fib i
if i≤1 then1<i

fib i = fib (i-1) + fib (i-2)

  fib (i+1) fib (i+1) = fib i + fib (i-1)

fib 1fib 1



  

 fibUp :: i:Nat -> {v:() | fib i ≤ fib (i+1)} 
  

 fibUp i 
  | i == 0 
  =         <. fib 1  
  *** QED 
  | i == 1 
  =   fib 1 <=. fib 1 + fib 0 <=. fib 2 
  *** QED 
  | otherwise 
  =   
  <=. fib i + fib (i-1) 
  <=. 
  *** QED 
 

Theorem Proving

fib (i+1)

fib i

fib 0

fib 0

fib 1

fib 2

fibUp :: i:Nat -> {fib i ≤ fib (i+1)}



Proofs are functions.
Check that functions prove theorems. 

Theorems are refinement types.

Reflection for Theorem ProvingTheorem Proving



Proofs are functions.
fibUp :: i:Nat -> {fib i ≤ fib (i+1)}



Proofs are functions.

fibUp :: i:Nat -> {fib i ≤ fib (i+1)}

Let’s call them!

{fib 4 ≤ fib 5}

{fib i ≤ fib (i+1)}
{fib (j-1) ≤ fib j}fibUp (j-1) ::

fibUp i ::

fibUp 4 ::



  

 fibMono :: i:Nat —> j:{Nat| i < j} 
         -> {fib i ≤ fib j} 
  

 fibMono i j 
  | i + 1 == j 
  =   fib i  
  <=. fib (i+1) ? fibUp i 
  ==. fib j  fib 1  
  *** QED 
  | otherwise 
  =   fib i 
  <=. fib (j-1) ? fibMono i (j-1) 
  <=. fib j     ? fibUp (j-1) 
  *** QED 
 

Proofs are functions. Let’s call them!

 fibMono :: i:Nat —> j:{Nat| i < j}

fibUp i

fibUp (j-1)



  

 fibMono :: i:Nat —> j:{Nat| i < j} 
         -> {fib i ≤ fib j} 
  

 fibMono i j 
  | i + 1 == j 
  =   fib i  
  <=. fib (i+1) ? fibUp i 
  ==. fib j  fib 1  
  *** QED 
  | otherwise 
  =   
  <=. fib (j-1) ? fibMono i (j-1) 
  <=. fib j     ? fibUp (j-1) 
  *** QED 
 

         -> {fib i ≤ fib j} 
  

 fibMono i j 
  | i + 1 == j 
  =   fib i  
  <=. fib (i+1) ? fibUp i 
  ==. fib j  fib 1  
  *** QED 
  | otherwise 
  =   fib i 
  <=. fib (j-1) ? fibMono i (j-1) 
  <=. fib j     ? fibUp (j-1) 
  *** QED

 fibMono :: i:Nat —> j:{Nat| i < j}

Let’s call them!Proofs are functions.



  

 fibMono :: i:Nat —> j:{Nat| i < j} 
         -> fib:(Nat -> Int)  
         -> (k:Nat -> {fib k ≤ fib (k+1)}) 
         -> {fib i ≤ fib j} 
  

 fibMono i j fib fibUp 
  | i + 1 == j 
  =   fib i  
  <=. fib (i+1) ? fibUp i 
  ==. fib j  fib 1  
  *** QED 
  | otherwise 
  =   fib i 
  <=. fib (j-1) ? fibMono i (j-1) 
  <=. fib j     ? fibUp (j-1) 
  *** QED 
 

Proofs are functions. Let’s abstract them!

 fibMono :: i:Nat —> j:{Nat| i < j}
         -> fib:(Nat -> Int)  
         -> (k:Nat -> {fib k ≤ fib (k+1)})

fib fibUp
         -> {fib i ≤ fib j} 
  

 fibMono i j 
  | i + 1 == j 
  =   fib i  
  <=. fib (i+1) ? fibUp i 
  ==. fib j  fib 1  
  *** QED 
  | otherwise 
  =   fib i 
  <=. fib (j-1) ? fibMono i (j-1) 
  <=. fib j     ? fibUp (j-1) 
  *** QED



Proof by Logical Evaluation (PLE)
Idea: Unfold if you can



fibUp :: i:Nat -> {fib i ≤ fib (i+1)}fib i fib (i+1)

Proof by Logical Evaluation (PLE)
Idea: Unfold if you can



Proof by Logical Evaluation (PLE)

fib i =
fib (i+1) =

Idea: Unfold if you can

Can’t unfold! 
No information about i



Proof by Logical Evaluation (PLE)

if i=0, then
fib i =
fib (i+1) =

Idea: Unfold if you can , using context.



Proof by Logical Evaluation (PLE)

if i=0, then
fib i = 1
fib (i+1) =

Idea: Unfold if you can , using context.

1



Proof by Logical Evaluation (PLE)

if i=1, then
fib i =
fib (i+1) =

Idea: Unfold if you can , using context.



Proof by Logical Evaluation (PLE)

if i=1, then
fib i = 1
fib (i+1) = fib 1 + fib 0fib 1 fib 0

Idea: Unfold if you can , using context.



Proof by Logical Evaluation (PLE)

if i=1, then
fib i = 1
fib (i+1) = fib 1 + fib 0
fib 1 =
fib 0 =

1
1

Idea: Unfold if you can , using context.



Proof by Logical Evaluation (PLE)

if i>1, then
fib i =
fib (i+1) =

Idea: Unfold if you can , using context.



Proof by Logical Evaluation (PLE)

if i>1, then
fib i = fib (i-1)+ fib (i-2)
fib (i+1) = fib i + fib (i-1)

fib (i-1) fib (i-2)

Idea: Unfold if you can , using context.



Proof by Logical Evaluation (PLE)

if i>1, then
fib i = fib (i-1)+ fib (i-2)
fib (i+1) = fib i + fib (i-1)
fib (i-1) =
fib (i-2) =

Idea: Unfold if you can , using context.

Can’t unfold!



  

 fibUp :: i:Nat -> {v:() | fib i ≤ fib (i+1)} 
  

 fibUp i 
  | i == 0 
  = fib 0 <. fib 1 *** QED 
  | i == 1 
  = fib 1 <=. fib 1 + fib 0 <=. fib 2 *** QED 
 | otherwise 
  = fib i <=. fib i + fib (i-1) <=. fib (i+1) *** QED 
 

()                                               

()                                               

()                                               

Proof by Logical Evaluation (PLE)



Idea: Unfold if you can, using context.

Prop I: Termination.
Prop II: Completeness.

Proof by Logical Evaluation (PLE)

Application: Proof Simplification.



Evaluation

(Spec + Proof ) / Impl x2.4 x1.6



Evaluation
(Spec + Proof ) / Impl x2.4 x1.6



Evaluation
(Spec + Proof ) / Impl x2.4 x1.6

x4 x2

x1.7 x1.3



Complete Verification with SMT

Encoding of Natural Deduction (Sec 3!)
Comparison with other verifiers

In the paper!

PLE is Complete & Terminating



Complete Verification with SMT

Refinement Reflection

Proof by Logical Evaluation

Reflect function definition in result type

Unfolds function definitions, if it can

Thanks!

Function application gives type level computation

Complete & Terminating Procedure


